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This article proves the following sharp bound for the packing density of infinite polycylinders:

**Theorem 1** {#FPar1}
-------------
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Theorem [1](#FPar1){ref-type="sec"} generalizes a result of Bezdek and Kuperberg \[[@CR1]\] and improves on results that may be computed using a method of Fejes Tóth and Kuperberg \[[@CR3]\], cf. \[[@CR2], [@CR5]\]; it gives some of the first sharp upper bounds for packing density in high dimensions.

Transversality {#Sec2}
==============

This section introduces the required transversality arguments from affine geometry. A *d-flat* is a *d*-dimensional affine subspace of $\documentclass[12pt]{minimal}
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**Lemma 1** {#FPar2}
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*Proof* {#FPar3}
-------

Let *F* and *G* be such a pair. By homogeneity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{n+k}$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F=F_\infty .$$\end{document}$ As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\infty $$\end{document}$ and *G* are disjoint, *G* contains a non-trivial vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{v}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G = G_\infty +\mathbf{v}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{v}$$\end{document}$ is not in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\infty + G_\infty .$$\end{document}$ It follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{dim} (\mathbb {R}^{n+k})\ge & {} \mathrm{dim}\big (F_\infty + G_\infty + {{\mathrm{span}}}(\mathbf{v})\big )> \mathrm{dim}(F_\infty + G_\infty )\\= & {} \mathrm{dim} (F_\infty ) + \mathrm{dim} (G_\infty ) - \mathrm{dim} (F_\infty \cap G_\infty ). \end{aligned}$$\end{document}$$Count dimensions to find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+k > n +n - \mathrm{dim}_\parallel (F_\infty ,G_\infty ).$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

**Corollary 1** {#FPar4}
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Dimension Reduction {#Sec3}
===================

Pairwise Foliations {#Sec4}
-------------------
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### **Lemma 2** {#FPar5}

A Dirichlet slice is convex and, if bounded, a parabola-sided polygon.
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### **Lemma 4** {#FPar9}
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